In this paper, the effects of the stiffness of circular, square and strip foundation structures and bonding effects were analyzed. Presented analysis was oriented on the influence of stiffness system "foundation-subsoil" and bonds (bi-directional bond and one-directional bond with and without friction). The results of numerical calculations have proved that the relative stiffness of system "foundation-subsoil" affect considerably the value and the distribution of contact stresses (vertical normal and shear stresses) in the foundation gap and value of the displacements (settlement, deflection and relative deformations) of foundation. From the numerical point of view, this problem was solved by deformation variant of the FEM (finite element method). The numerically obtained results were presented in the graphical and tabular forms. Obtained results were qualitative and quantitative compared with one another. From the calculation results it is obvious that relative stiffness of the system "foundation structure-subsoil" substantially affects distribution of contact stresses in the foundation subsoil and displacements (settlement, deflection and relative deformations, flexibility) of foundation. In the case of flexible foundations, the bond on the contact surfaces must be considered during the calculation. On the other hand, the effects of friction on the contact surface between the foundation and subsoil affect the distribution of contact stresses and deformations only to smaller extent.
Introduction


In this study, the author deals with numerical analysis of the contact stresses and deformation (settlement), deflection and relative deformation under rigid and flexible shallow circular, square and strip foundations. Presented analysis was focused on the influence of stiffness system "foundation-subsoil" and bonds (bi-directional bond and one-directional bond with and without friction) on the values of:
(1) the vertical normal and shear contact stresses; (2) the deformation (settlement), deflection and relative deformation (relative settlement, relative deflection and flexibility).
During the foundations design and assessment according to the limit states it is necessary to know the intensity and distribution of contact stresses and their deformations in the foundation bottom. Generally, it is expected that the stress distribution and deformations depend on the relative stiffness of the foundation in contact with subsoil. The most significant factors affecting the relative stiffness of shallow (circular, square and strip) foundations are:
(1) geometrical shape, dimensions and deformation properties of the foundations;
(2) non-homogenity, anisotropy and deformation properties of the subsoil; (3) bonds and friction on the contact area between foundation and subsoil; (4) type, intensity and distribution of loading. These factors significantly affect the selection of the input data for the numerical calculations and pre-determine complexity of the boundary conditions of the analyzed problem.
For a reliable building structures design, interaction between the foundation structure and the subsoil must be considered. Many authors have been dealing with this topic. Interaction of structure and subsoil was analyzed in detail by Bolteus [1] . Theoretical analyses of the problem were presented in Refs. [2] [3] [4] [5] [6] [7] . Some results of measurements made on the models of interaction between the structure and subsoil were published in Refs. [8, 9] . At the present time, the mathematical modeling using the FEM (finite element method) has been mostly used for solution of problems in interaction of building structure and subsoil. Theoretical assumptions as well as practical applications of FEM in the engineering practice were mentioned by Zienkiewicz and Taylor [10, 11] . Numerical modeling (FEM) of interaction between building (foundation) structure and the subsoil was dealt with by authors in Refs. [12] [13] [14] [15] [16] [17] . Bose and Das [18] employed the FEM in their analysis of stress and deformation below the rigid foundation. Some calculations of settlement of sheet structures on the sand subsoil were presented in Refs. [19] [20] [21] [22] . Effects of foundation stiffness upon the distribution of contact stresses were analyzed in Refs. [23] [24] . Some analyses of the friction between the foundation and subsoil were presented by Santos and Quera [25] . Complex numerical analyses of the interaction of shallow (square, circular and strip) foundations with subsoil, presented in this paper, were published in Ref. [26] . In this work, the effects of the square, circular and strip foundations stiffness and bonds (bi-directional and one-directional with and without friction) on the contact surface of foundation and the distribution and value of vertical normal stresses, shear stresses and deformations were analyzed in more detail.
Boundary Conditions of Solved Problem
The problem of the interaction between shallow foundations and subsoil was solved by mathematical modeling using FEM. For the presented analysis, computer program ANSYS  [27] was used. It was important to observe the physical principles. The contact task was solved as a 3D problem according to assumptions of the linear elastic half-space theory.
From the viewpoint of the effects of bonds, the contact surface between the foundation and subsoil was modeled for three following cases:
(1) bi-directional bond (transmission of pressure and tensile forces and shear forces at the solid contact between foundation and subsoil);
(2) one-directional bond with friction (transmission only due to pressure forces and shear forces depending on the value of the angle of internal friction φ = 35 o );
(3) one-directional bond without friction (transmission only due to pressure forces, and shear forces depending on the value of the angle of internal friction φ = 0 o ). The disadvantage of the bi-directional bond model is the transmission of the tension forces between square foundation and subsoil. Model with one-directional bond represents behavior of real foundation more precisely.
The geometrical shape is one of the most general factors affecting the relative stiffness of the system "foundation-subsoil". Geometrical parameters and stiffness of analyzed square, circular and strip foundations models are given in Table 1 . The relative stiffness "k" of foundation was defined according to the Eq. (1) [28] :
where, E f is modulus of elasticity of foundation; E def is modulus of elasticity of subsoil; t is foundation thickness; B, L are foundation width "B", length "L", respectively.
For assessment of square foundations stiffness it is valid B = L. For relative stiffness k  1, the foundation was considered flexible and for k  1, the foundation was considered rigid. A steel foundation model was applied. This model was put on the dense sand subsoil. The subsoil below 
Mathematical Procedures of Calculation Models
Computer program ANSYS  [27] was used for analysis of the problem. Interaction of foundation with subsoil was solved by deformation variant of FEM based on the Lagrange variational principle of the minimum total potential energy of the internal and external forces. Mathematical formulation of static analyses of the structure (assuming the bi-directional and one-directional bonds between foundation and subsoil) was presented in symbolic form [27] :
where,
[k] is the stiffness matrix of the system (model); {u} is displacement vector of nodal point; {F} is vector of surface and volume forces. Geometrical nonlinearity of the analyzed problem was modeled by the boundary conditions of one-directional bond using FEM elements "TARGE 170" and "CONTA 174". In application of above mentioned contact elements the theory of large deflections was considered. The stress-strain relation of the problem was defined as follows [27] :
where, {} is stress vector; {D} is matrix of material constants; { el } is vector of elastic strains (the effects of temperature changes were neglected). Next, the final system of linear equations by Jacobi's iterative method and system of nonlinear equations by Newton-Raphson's iterative method (10) Sq (10) respectively. For meshing of continuous region of the subsoil model and foundation 3D finite elements "SOLID 45" were used. Similarly, for modeling of bi-directional bonding between foundation and subsoil the same type of elements was used. Eight-nodal 3-D contact elements (TARGE 170 + CONTA 174) were used for modeling of one-directional bond in the foundation-subsoil contact. Contact elements were defined by basic material properties, i.e., friction coefficient (MU = tgφ) between foundation and subsoil. The Coulomb theory [27] for modeling of friction between foundation and subsoil was considered. Numerical models of rigid square, circular and strip foundations (t = 100 mm) with one-directional bond and static boundary conditions are given in Fig. 1 . The symmetry factor of the problem was utilized in the calculation process. The element meetings of calculation of square foundations rigid models for bi-directional and one-directional bonds and static boundary conditions are given in Fig. 2 . Relative normal stress
Contact Stresses-Evaluation of Numerical Results
Numerical
Relative shear stress
Relative normal stress
Relative shear stress Remark: R-rigid foundation (k > 1, or k = 30); F-flexible foundation (k = 0.1).
(1) in the case of vertical normal contact stress less than 10% (maximal);
(2) in the case of shear stresses less than 15% (maximal).
In Figs 
Deformations, Relative Deformations and Deflections of the Shallow Foundations-Evaluation of Numerical Results
The numerical analyses of rigid and flexible shallow (square, circular and strip) foundations represent a valuable source of qualitative and quantitative specifications of the effects of stiffness, bonds (bi-directional and one-directional) and friction on the vertical deformations (settlements), deflections and relative deformations (relative settlement, relative deflection and flexibility). Deformations of square, circular and strip foundations were evaluated for boundary points of shallow foundations (Fig. 8) .
From the calculated vertical displacements (settlements) of foundation models calculated by FEM in representative points (Fig. 8) 
Graphical interpretation of the stiffness, bonds (bi-directional, one-directional) and friction effects on the value of deflection, relative settlement, relative deflection and flexibility are presented in Figs. 9-12.
Graphical representation of vertical displacements (settlements) calculated for rigid "Sq (100)" and flexible "Sq (2.5)" square foundation (with one-directional and bi-directional bonds) for average contact stress  m = 50 kPa are shown in Fig. 13 . From the presented results, it is obvious that effects of stiffness on deformations (deflection, relative settlement, relative deflection and flexibility) of foundations are very significant (non-negligible in practical calculations).
On the other hand, effect of bonds (bi-directional, one-directional) is relatively small up to value of stiffness k ≥ 0.1 (negligible in practical calculations). Effects of friction (with one-directional bond) are relatively weak for all stiffness's of foundations. Foundations can be considered perfectly rigid if the relative stiffness k >10. Square -boundary (Bi-directional bond) Square -boundary (One-directional bond with friction) Square -boundary (One-directional bond frictionless) Strip -boundary "L" (Bi-directional bond) Strip -boundary "L" (One-directional bond with friction) Strip -boundary "L" (One-directional bond frictionless) Circular -boundary (Bi-directional bond) Circular -boundary (One-directional bond with friction) Circular -boundary (One-directional bond frictionless) Fig. 9 Effects of stiffness, bonds and friction on the deflection in boundary of square, circular and strip foundations. 
Conclusions
The use of numerical methods (FEM modeling) and mathematical tools allows solving of practical engineering problems in a more realistic way, taking into account the effects of stiffness, friction on the contact area between square, circular and strip foundations and subsoil. The application of FEM modeling enables us to determine correctly the value of the contact stresses (vertical normal and shear stresses), vertical deformation (settlement), deflection and relative deformation (relative settlement, relative deflection and flexibility) of rigid and flexible shallow (square, circular and strip) foundations. Presented calculations show that considering the effects of stiffness, bonds and friction in the foundation bottom From the presented calculation results it is obvious that relative stiffness of the system "foundation structure-subsoil" substantially affects distribution of contact stresses in the foundation subsoil and displacements (settlement, deflection and relative deformations, flexibility) of foundation. In the case of flexible foundations, the bond on the contact surfaces must be considered during the calculation. On the other hand, the effects of friction on the contact surface between the foundation and subsoil affect the distribution of contact stresses and deformations only to smaller extent.
